The time-reversal mirror uses the received signal from a probe source to refocus the signal at the probe source location by backpropagating the time-reversed version of the received signal. In this study, an adaptive method is described to steer a null to an arbitrary position in a waveguide while maintaining a distortionless response at the probe source location. As an application, selective focusing in free space is demonstrated.
I. INTRODUCTION
The time-reversal mirror ͑TRM͒ has been demonstrated in ultrasonics 1,2 and underwater acoustic environments. 3 Further, the theory has been extended to the detection of scatterers and to focusing through an inhomogeneous medium. Recently, the development of the DORT method 4 allowed the selective focusing on a weak scatterer.
In this paper, the concept of an adaptive weighting on the TRM array before backpropagation is introduced to steer nulls. Accordingly, the expression for the weight vector to steer a null at the arbitrary location, assuming that the crossspectral density matrix ͑CSDM͒ for the null location is known, is formulated based on optimization theory with constraints. [5] [6] [7] Then, it is demonstrated in simulation that the null can be steered in an ocean waveguide. Even when the CSDM is not available, a null in the vicinity of the probe source still can be steered in the range direction based on the theory on the invariants of the waveguide, [8] [9] [10] [11] for which simulation results are also given.
As an application of null steering, selective focusing on the weaker target among two targets is demonstrated, and compared with the previous work known as the DORT method. 4, 12 In order to focus on the strong target, the iterative time-reversal mirror [13] [14] [15] is used. It is shown that the focused field on the strong scatterer is equivalent to the field due to the eigenvector with the largest eigenvalue propagated to the control plane, where the scatterers are located. Since the scattered field from the strong scatterer contains the pressure vector from the scatterer to be nulled, the CSDM is constructed to compute the weighting vector to steer the null. Once the adaptive weighting on the array is computed, the time-reversal mirror can be focused onto the weak target with one iteration. The simulation shows that the focused field in this way gives the identical field to that resulting from the eigenvector with the second largest eigenvalue of the time-reversal operator ͑TRO͒ of the DORT method. It is noted that the DORT method requires measurement of the (NϫN) interelement response matrix, while the selective focusing method based on nulling process needs only a few iterations depending on the relative strength of the targets. Typically the number of iteration requires less than the number of array elements. For two targets with target strengths differing by 6 dB, it has been found that ten iterations in total were sufficient to focus on the weaker target.
The potential application of null steering can be found in many areas, including selective focusing, silencing certain locations during transmission and communication associated with TRM, suppressing reverberation from discrete scatterers, and the practical problems that require manipulation of the field based on nulling.
In Sec. II, the formulation of TRM is reviewed and extended to accommodate adaptively weighted backpropagation. Simulation results are presented in Secs. III and IV for null steering and selective focusing, respectively.
II. THEORY

A. Review of TRM
As described in Fig. 1 , the phase-conjugate field at the field location r ជ in frequency domain is written as
where g(r ជ i ͉r ជ ps ) represents the received acoustic pressure at the ith array element location r ជ i propagated from the probe source position r ជ ps . Likewise, g(r ជ͉r ជ i ) represents the field propagated from the ith array element location r ជ i to the arbitrary receiver location r ជ as shown in Fig. 1 . N is the number of array elements. Superscripts ( )* and ( ) † denote complex conjugate and Hermitian transpose, respectively. In a vector notation, g and r array are (Nϫ1) column vectors. Note that the position vectors are written in italic letters with arrows and the column vectors and matrices are written in boldface letters. Eq. ͑1͒ can, more generally, be written as
where w reduces to g in a conventional time-reversal mirror. Now, let us find a signal vector w which gives the distortionless response at the focal point and minimizes the intensity coming from elsewhere when backpropagated. Denoting K as the CSDM of the observed signal vector, this problem reduces to the optimization problem of the following objective function:
with the distortionless response constraint at the focal location, which can be expressed as
The solution is well known and referred to as the minimum variance method in the adaptive array signal processing; [5] [6] [7] that is
In practice, the signal vector w is found from the minimum variance formulation with diagonal loading known as white noise constraint ͑WNC͒ in order to make it robust to the noise and the inversion of matrix K possible. For the case of steering a null with a single probe source, the CSDM is defined as Kϭg͑r ជ ps ͉r array ͒g † ͑ r ជ ps ͉r array ͒ϩg͑ r ជ n ͉r array ͒g † ͑ r ជ n ͉r array ͒, ͑7͒
where r ជ n is the location where the null is to be placed. The signal vector w in Eq. ͑6͒ places a null at the location r ជ n where the Green's function is denoted as gϭg(r ជ n ͉r array ). The properties of the signal vector w give the distortionless response in the look location when backpropagated, which is expressed as a constraint given in Eq. ͑5͒. In addition, since the weighting minimizes the acoustic intensity coming from elsewhere, the weighting tends to null out the contributions from other CSDMs such as the second term in Eq. ͑7͒, which satisfy the following requirement:
If the placement of nulls is needed at more than one location, additional CSDMs which correspond to the desired null locations can be added incoherently to Eq. ͑7͒.
C. Theory on the waveguide invariants
As described above, the adaptive weight vector normally requires measurement of CSDM for the nulling location. The CSDM, however, can be predicted in an acoustic waveguide if the null is to be placed in the vicinity of the probe source in the range direction using the waveguide invariants theory.
In a dispersive and multimodal waveguide, the lines of constant sound intensity lead to a constant slope between the certain parameters of the waveguide. [8] [9] [10] [11] The invariant, denoted as ␤, characterizes the relation between the range and frequency as
where R is a horizontal range and is an angular frequency. For a Pekeris waveguide, ␤ is one as shown in Fig. 9 so that 
RЈϭ
Ј R. ͑10͒
Equation ͑10͒ states that the acoustic field at (RЈ,) approximates the value at (R,Ј). Therefore, the signal vector received at the array can be used to calculate the CSDM in the vicinity of the probe source range at the same depth so as to place a null without measuring the Green's function from the null location.
III. SIMULATION IN WAVEGUIDE
In this section, the steering of null is demonstrated in a Pekeris waveguide as shown in Fig. 1 . A time-reversal mirror is used to focus on the probe source location in Sec. III A. In Sec. III B, the null is steered to the location of which the transfer function to the array is known. In Sec. III C, the null is steered into the horizontal direction using the transfer function predicted from the theory on the waveguide invariants reviewed in Sec. II C.
For the purpose of simulation, the pulse with center frequency f c ϭ300 Hz and ping duration ϭ0.1 s is used ͑Fig. 2͒. The sampling frequency is 3600 Hz, FFT size is 8192, so that the time window is 2.3 s long. The probe source is located at r ជ ps ϭ(r ps ,z ps )ϭ͑6000 m,60 m͒.
A. Time-reversal mirror
When the received signal at the array is time reversed and backpropagated, the signal focuses back to the probe source location as shown in Fig. 3 . Figure 3͑a͒ shows the time series received at the range 6000 m as function of depths. The time is referenced as the source signal for the focused signal, since the field response is 1 at the focal point. The focusing is noted at 60-m depth, the time series of which is shown in Fig. 3͑b͒ . Figure 4 shows the focusing at the center frequency 300 Hz. The position A: r ជ ps ϭ(r ps ,z ps )ϭ͑6000 m, 60 m͒ is the focal location, B: r ជ n ϭ(r n ,z n )ϭ͑6300 m, 80 m͒ is the location to be nulled in Sec. III B, and C: r ជ n ϭ(r n ,z n )ϭ͑6300 m, 60 m͒ is the location to be nulled in Sec. III C.
B. Placing a null at an arbitrary location with known field response
When the pressure vector or Green's function at the nulling position r ជ n ϭ(r n ,z n ) from an array is known, the CSDMs are constructed using Eq. ͑7͒ and the weight vector is found from Eq. ͑6͒. The backpropagated field response with this weighting is shown in Fig. 5 for the center fre- quency of the probe source signal. The null at point B r ជ n ϭ(r n ,z n ) is noted as a result of the nulling process.
The time series at the range of 6000 m is shown in Fig.  6 . Although the distortionless response at the focal location r ជ ps ϭ(r ps ,z ps ) is maintained, the weak sidelobes are observed at different depths. This is due to the shading effect of nulling, so that the field except the focal location at the range of 6000 m is modified to some extent. The degree of modification becomes insignificant when the pressure vectors from the probe source location and the nulling location are well resolved. In Fig. 7 , the nulling at 80-m depth is shown. The sidelobe structure along the depth at the range of 6300 m is highly correlated with the sidelobe structure in Fig. 5 for the center frequency. Also, the time delay of 0.2 s due to the distance of 300 m from the focal location is noted.
In Fig. 8 , a null is steered to the probe source location. A unit vector was used to construct the first term in Eq. ͑7͒, which is equivalent to steering the look location to the plane wave propagating normal to the array. The second term in Eq. ͑7͒ is now the signal vector from the probe source. This example demonstrates that null can be steered even without the specific look location as a probe source.
C. Placing a null and a focus at the same depth using information from probe source signal only
In Sec. III B, a priori knowledge of the pressure vector at the nulling location is required to steer the null. However, even if the pressure vector at the array from the nulling location is not known and the pressure vector from the probe source is the only information available, it is possible to steer the null at the same depth of the probe source within the range where the invariants of waveguide hold.
The transfer function at the null position is predicted based on the theory on the waveguide invariants as described in Sec. II C. Since the null is to be placed at the range of 6300 m, the frequency of the wave vector to be backpropagated in place of 300 Hz can be calculated from Eq. ͑10͒ as f Јϭ300 Hzϫ 6000 m 6300 m ϭ285.7 Hz. ͑11͒
Similarly, the frequency bins are shifted according to Eq. ͑9͒, phase conjugated, and backpropagated to realize the null at 6300 m. The null position can also be predicted from Fig. 9 . In Fig. 10 , the simulated field response to place a null at 60-m depth and 6300-m range is shown at the center frequency. Figure 11 shows the depth-stacked time series at 6000-m range. In Fig. 12 , the depth-stacked time series at 6300-m range are displayed. The null at 60-m depth and time delay of 0.2 s is noted.
IV. SELECTIVE FOCUSING ON TWO TARGETS IN FREE SPACE
As an application of null steering, selective focusing associated with the iterative TRM is demonstrated in this section.
Selective focusing on the point-like scatterers has been demonstrated using the DORT method. 4, 12 The DORT method utilizes the time-reversal operator ͑TRO͒ defined as K*K, where the matrix K is the transfer matrix, of which elements K lm are defined as the pressure received at lth element with source located at mth element in a transmitreceive array. Note that this K is different from the one used in Eq. ͑4͒. When the eigenvalues of TRO are not degenerate, the eigenvectors of the TRO correspond to the pressure vectors received from the scatterers. The propagation of the eigenvectors results in selective focusing at each scatterer.
The focusing on the weak target based on nulling process requires the knowledge of CSDM at the location of the strong scatterer in order to calculate the nulling weight vector. This is achieved by an iterative time-reversal operation. [13] [14] [15] The received pressure vector from the strong scatterer provides the CSDM at the nulling location. Once the CSDM is known, the weight is calculated and applied on the array before backpropagation. This beam pattern has a null at the location of the strong target and, since the strong eigenvector is suppressed, the beam pattern focuses weakly on the second target. The scattering at this stage occurs from the second target, since the strong target has been nulled. Time reversing and backpropagating this signal yields a focus on the second target. While the DORT method provides an elegant way for selective focusing, the construction of TRO requires measurement of the (NϫN) interelement response matrix ͑or, half due to the symmetry of the K matrix͒ and the eigenvector decomposition. The nulling method requires only a few iterations to focus on the second target for the case of two scatterers.
The selective focusing process based on the nulling method is illustrated in the following subsections. Section IV A describes the setup for the numerical experiment and the simulation parameters. In Sec. IV B, the iterative time- reversal mirror is demonstrated, with selective focusing on the weak scatterer in Sec. IV C. Figure 13 shows the schematic setup for the numerical experiment. This setup has been adopted from the experimental setup used in the demonstration of the DORT method 4 with minor modification. The center frequency is 1 MHz, and the sound speed is 1500 m/s. The transmit-receive array has 200 elements with element spacing of half a wavelength, so that z spans between zϭ͑Ϫ74.6,ϩ74.6͒ mm. In order to make the mathematical manipulation more feasible, a control plane ͑more precisely a line͒ is defined at 170 mm apart from, and parallel with, the transmit-receive array. The pressure field along this control plane will be displayed to visualize the focusing on the scatterers, which are purposely placed on the control plane. This is not necessary for either the DORT method or the nulling method, since the scatterers can be spread arbitrarily in three-dimensional space. The control plane consists of 100 points. The spacing between the control points are 3/4 of that of the spacing in the transmit-receive array, so that z spans between zϭ͑Ϫ27.8, ϩ27.8͒ mm. Again, this spacing is selected for the purpose of displaying the focusing with fine resolution. Two point scatterers are placed on the control plane. The strong scatterer is at (x,y,z)ϭ(170,0,Ϫ22.8), and the weak scatterer is at (x,y,z)ϭ(170,0,2.5). All units are in mm. The scatterers are separated in a way that the scatterers are well resolved. The difference in the target strength is 6 dB for the current simulation. The numerical experiment has been carried out with Ϫ30-dB Gaussian white noise. In the simulation, it is assumed that multiple scattering is negligible.
A. Setup for numerical experiment
B. Iterative TRM on strong target
In order to achieve the focusing on the strong scatterer, the first step is to insonify the control plane using a point source. The reflected signals from two point scatterers are shown in Fig. 14͑a͒ . This signal shows the considerable reflection from the strong scatterer, while there is a weak signal from the second target. When this signal is time reversed and backpropagated, the signal received at the control plane is shown in Fig. 14͑b͒ . This process is iterated to achieve a focus on the strong target. After ten iterations, the signal received at the transmit-receive array is shown in Fig. 14͑c͒ , for which the time-reversed and backpropagated signal is shown in 14͑d͒. It is clear that the signal is focused on the FIG. 14. The time series at the array: ͑a͒ and ͑c͒, and at the control plane: ͑b͒ and ͑d͒. ͑a͒ Shows the signals received at the array from the scatters insonified by a monopole source. ͑b͒ is for the received signals at the control plane when signal ͑a͒ is phase conjugated and backpropagated. ͑c͒ is the signal received at the array after ten iterations, and ͑d͒ is the received signal at the control plane when signal ͑c͒ is phase conjugated and backpropagated. location of the strong scatterer.
The field projected on the control plane for the center frequency is plotted in Fig. 15 . The plot shows how the field is focused to the strong target as the iteration increases. The broken line shows the initial field at the control plane corresponding to the case shown in Fig. 14͑b͒ . The difference in the target strengths between scatterers is 6 dB. The thick solid line shows the focusing on the strong target after ten iterations.
The rate of convergence is dependent on the relative target strength of the scatterers. The detailed convergence analysis can be found in Refs. 13-15.
C. Focusing on weak target
Once the focusing on the strong target is accomplished, the signal received at the receive array plays the role of a probe signal where we want to place a null, assuming the scatterer can be treated as a point scatterer. Now, the pressure vector received from the strong target is equivalent to g(r array ͉r ជ n ) in Eq. ͑7͒. Note that for this case r ជ n in the second term is the same as r ជ ps since the strong scatterer is to be nulled. However, there is the problem of setting the wave vector for which the weighted and backpropagated field has the distortionless response, which plays the same role as the first term in Eq. ͑7͒. Although this wave vector can be an arbitrary vector sufficiently far away from the nulling point ͑or equivalently well resolved͒, a unit vector has been used in this study. The meaning of using a unit vector is interpreted as the wave vector received in the far field so that the distortionless response is achieved at the far field. It is noted that the random Gaussian number has been generated to be used as the wave vector for the distortionless response, and the result was unaffected, which is not surprising because the number of elements have enough degrees of freedom to null out the strong eigenvector. Figure 16͑a͒ shows the pressure vector received at the control plane with the nulling vector applied at the center frequency of 1 MHz. It is noted that considerable focusing is achieved on the weak target. It is considered that, when the strong target eigenvector component is suppressed, the second eigenvector is taking the place of the dominant wave vector. After one iteration, Fig. 16͑b͒ shows that the focusing is achieved on the weak target. If the iteration continues, the strong target will pick up the energy and eventually dominate.
Figures 17͑a͒ and ͑b͒ show the focused fields on the strong and the weak targets, respectively, using both the adaptive nulling method and the DORT method. Figure 18 corresponds to the time-domain solution of Fig. 17 . Figures  18͑a͒ and ͑b͒ show the signal received at the control plane and focused on the strong scatterer located at Ϫ22.8 mm, which corresponds to the control panel index of 10, and the weak target located at 2.5 mm, the control panel index of which corresponds to 55. Figures 18͑c͒ and ͑d͒ are the same plots using the DORT method. The time delay for the nulling method is arbitrary since there are many iterations involved, while the time delay in the DORT method represents the distance from the transmit-receive array.
V. CONCLUSION
The concept of the weighted time-reversal mirror is introduced. This is used to steer nulls in the Pekeris ocean waveguide to the location where the pressure vector is known at the array while maintaining the distortionless response at the desired location such as a focal point. Using information from the probe source only, the theory on the waveguide invariants is utilized to demonstrate the steering of nulls in the range direction. As an application, selective focusing on the weak target among two point scatterers in free space is realized, giving the identical eigenvectors as obtained from the DORT method.
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